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Abstract 
In this paper it is proved that all the squares of size, ~ ,  n = 1, 2, 3 ..... can be packed 
151s2 and remarked that all the rectangles of size ! x -~-f~, into the rectangle of size ~ x ~ 
• , ( 501 ~2 n = 1,2,3,.. can be packed into the square ,~ ,  and also into the rectangle of area 1.0024. 
(~) 1998 Elsevier Science B.V. 
Problem 1. What is the rectangle of smallest area A into which the squares of  side 
1 2,÷1, n -- 1,2,3 ..... can be packed? 
Let us note that X-"°~ r-L-1 ~2 1 2 Z-~n=l~En+l J ~ ~7~ --  1 -" 0.23370055, and so A/> 17~2 1. Jennings 
[4] proved A ~< ~ = 0.237037037... and noted: "Could the packing given in this 
paper actually be the optimum? It may be hard to prove that it is not." Now we are 
1 for going to improve Jennings' result. Let us denote by S2 j+I  the square of  side 2S~ 
each j E N = {1,2,3 .... }. 
Lemma 1. I f  we denote 
1 1 1 
bin-  2m+l  +2m+3 +" '+4m- l '  
then b,n <~ ½1n 2, m E N. 
The proof of  this lemma can be obtained e.g. by investigation of  the function 
9(x) 1 This lemma immediately implies the following corollary: 
- -  2m+2x"  
Coro l la ry  2. The set {S2m+l,S2m+3 . . . .  ,S4m-1} of m squares can be packed into a 
strip of  size ½ In 2 × ~ for each m E N. 
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Lemma 3. Choose r E N arbitrarily. Then all the squares {S2r+2j_l}j°°=l can be 
1 packed into a rectangle of size ½ In 2 × h(r), so-called final block, where h(r) < 7" 
Proof. Denote rj = r.2J for j = 0, 1,2 ..... The squares  {S2rj+l,S2rj+3 . . . . .  S4rj-l) we 
1 according to Corollary 2. By adding the shorter pack into a strip of size 1 In 2 x 
sides of the strips we establish that all the squares S2r+l,S2r+3,S2r+5 . . . .  can be packed 
into a rectangle of size 1 ln2 × h(r), where 
~-~ 1 ~ 1 ~ 1 1 
h(r) = 2rj q- 1 - -  2 J+ l~ " + 1 < r2 j+l = F" 
j=0 j=0 j=0 
[] 
15182 : 0.2365038 Theorem 4. A < ~ × ~ .... 
Proof. Let us denote H = 15182 and pack the squares $3,$5 . . . . .  S27"~831,833,835,837 43407 
into a rectangle of size ~ x H as in Fig. 1, where the square $2j+1 is denoted by 
2 j+ l .  
The squares $77,$79,$81 can be packed into the non-occupied rectangle bounded by 
the squares $3,811,S17 and the strip of size 1 In2 x (H - ~). 
The further squares $29;$39,$41 . . . . .  $51; 859,861 . . . . .  875; 883,885,...,S101, S107,S109; 
Sl15,$117,...,S123 we pack according to Fig. 2. 
Next squares $53,$55,$57,$103,$105,$111,Sl13 we pack as shown in Fig. 3. 
1 Let us remark, that 7 + ~ ÷ ~3 ÷ ~ --- H is the greatest of the heights. The remaining 
squares $125,$127 .... we pack into the final block of size 1 ln2 × h(62) by Lemma 3. 
As ½ + ~2 < H, the proof is complete. [] 
Remark 5. It is almost sure, that our boundary is not the optimal possible one. 
Problem 2. What is the area R of the smallest rectangle in which can be packed the 
1 and 1 fo rn= 1,2,3,. 9 I s  set of rectangles of total area 1 and sides of lengths ~ ~ .. 
R > 1? (See [6, pp. 109 and 585].) 
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1"31 h2 This In [5] is considered a packing into a square and it is shown that R ~< ~ ~ ~ . 
( 204 )2 for problem is repeated also in [7] and later in [2]. Jennings [4] showed R ~< ~'6~, 
the packing into a square. 
In [l] it is possible to find the proofs of the following three statements. 
Lemma 6. Let r be a positive integer. The system Pr, Pr+l . . . . .  P2r--1 of r rectangles 
can be packed into the rectangle of size 1 × ! r" 
Lenuna 7. Let r = 4k, where k >~ 4 is an arbitrary positive integer. The set Pr,er+l, 
,P6r-1 of  5r rectangles can be packed into the rectangle 1 × 1 
"°"  r "  
Theorem 8. Let r = 4k, where k >>- 4 is an arbitrary positive integer. I f  the r - 1 
largest rectangles P1,P2,... ,Pr-1 can be packed into the unit square, then R <<, 1 + 6. 
Remark 9. Let us observe that Theorem 8 is asymptotically the best one. But how large 
is r? How many of the greatest rectangles is it possible to pack into a unit square? 
The demonstration of  a packing of  many such rectangles into a unit square requires 
either one very great sketch or many smaller figures. In my talk at the Symposium in 
Prachatice (already in 1990) I had shown such a packing of  P1,P2 . . . . .  P499 into the 
unit square, i.e. r = 500, but that configuration - -  for reasons mentioned above - -  
was not published in [1]. Nevertheless, r -- 500 in Theorem 8 implies (together with 
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t 501 )2 1.004004 for Lemma 7) R ~< 1.0024 for the packing into a rectangle and R ~< ~ 00 = 
( 204 ~12 the packing into a square, which is better than Jennings' ~2-~ J • 
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